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Abstract
In this paper we present some results on Geometric Asian option valuation for affine
stochastic volatility models with jumps. We shall provide a general framework into which
several different valuation problems based on some average process can be cast, and we shall
obtain close-form solutions for some relevant affine model classes.
Keywords: Geometric Asian Options, Average Strike Options, Average Price
Options, Stochastic Volatility, Affine Processes.
1 Introduction
Asian options are quite common derivatives often combined with other financial claims in order
to construct structured products [Kat01]; they can in fact provide protection against strong
price fluctuations in volatile markets and reduce the possibilities of market manipulations near
the expiry. That is because Asian options are roughly speaking options on the average value
assumed by the underlying during the option’s life, and they require some mathematical effort
in order to describe the dynamics of the average under consideration. For these reasons it is
interesting to develop realistic financial models and efficient numerical algorithms to evaluate
these kind of options.
Asian options are usually grouped into two main classes according to their payoff: if ST is the
value of the underlying asset at maturity T , K is the strike price, and AT is a suitably defined
average of the values assumed by the stock during the period under consideration, the so called
”Average Strike” (sometimes called ”Floating Strike”) Asian Calls have the payoff given by the
following expression: (ST −AT )+, while the payoff of the ”Average Price” (Sometimes called
”Fixed Strike” or ”Average Rate”) Asian Calls is given by: (AT −K)+. The average considered
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can be the Geometric or the Arithmetic one and it can be calculated on a continuous or discrete
monitoring basis. All these details are specified by the contracts stipulated by two counterparts,
as Asian options are mainly OTC (Over the Counter) traded financial derivatives.
Several results are available on Arithmetic Asian options. In the classical Black-Scholes
framework the papers by H.Geman, M. Yor [GY93] and by D. Dufresne [Duf01] present an
evaluation approach based on exponential functionals of Brownian motion properties, while in
another paper by D. Dufresne [Duf05], some explicit valuation formulas related to the Bessel
process are given. More recently in the paper by M. Schro¨der [Sch08] a comprehensive analysis
of the Arithmetic Asian options is provided, emphasizing the role plaid by complex analysis and
special functions in solving the main valuation problems. In a more general Exponential Le´vy
setting some results on Arithmetic Asian options are included in the papers by H. Albrecher and
M. Predota [AP04], where the Le´vy process describing the underlying evolution is assumed to be
of NIG type, and by H. Albrecher [Alb04]. When explicit formulas do not exist some accurate
analytic approximations have been proposed, like in [MP98]. The paper by J. Vecˇer and M.
Xu [VX04] is the only one, to our knowledge, dealing with the valuation problem of Arithmetic
Asian options in a general semimartingale setting, where a Partial Integro-Differential Equation
is provided solving the problem in the special case of an underlying described by a process
with independent increments. The paper by J.-P. Fouque and C.-H. Han [FH03] deals with the
evaluation problem for Arithmetic Asian options in a stochastic volatility framework by extending
the reduction technique introduced by J. Vecˇer and M. Xu [VX04]. As far as lower and upper
bounds on prices are concerned some results are available for Arithmetic Asian options both in
the continuous [SGD00] and discrete monitoring case [VDL+06], where a convenient use of the
comonotonicity property is exploited in order to provide such bounds. The Hedging issue of
Asian options has been considered in [AG03], where a static strategy is examined.
As far as Geometric Asian Options are concerned, their evaluation in the basic Black-Scholes
setting is very simple. While a direct argument can provide an explicit solution for Geometric Av-
erage Rate Calls (under continuous monitoring), a slightly more involved calculation can provide
at least an accurate numerical approximation for the Average Strike Call (still under continuous
monitoring) in the same framework [WHD95]. As far as the Le´vy models are concerned, several
results are also available: we recall here the paper by C.B. Zhang and C.W. Oosterlee [ZO13].
For the discrete monitoring case some definite results for Le´vy models are illustrated in [FM08].
It has been pointed out [Gla04] that the Geometric Asian option pricing is extremely useful
also for the arithmetic average option valuation via Monte Carlo methods with control variables.
As far as stochastic volatility models are concerned, while Y.L. Cheung and H.Y. Wong
[CW04b] obtain via a perturbation method some semi-analytical formulas for Geometric Asian
options in stochastic volatility models exhibiting a mean-reverting behavior. The paper by I.
Peng deals with Geometric Asian options valuation in a local volatility setting, namely in the
CEV model [Pen06]. More recent results, standing on Asymptotic expansion techniques, have
been obtained by E. Gobet and M. Miri [GM11]. In a very recent paper by B. Kim and I.-S.
Wee [KW11] the Geometric Asian option pricing problem has been studied for the stochastic
volatility model proposed by Heston.
The intrinsic limitations of the Black-Scholes model are well known since a long time. In
particular, the fat tail, the volatility clustering, the aggregational gaussianity features exhibited
by stock prices distributions, and moreover the volatility smiles and the leverage effect empir-
ically observed cannot be explained by this model. While Le´vy-based and stochastic volatility
models can explain some of these phenomena separately, the models including both features, i.e.
stochastic volatility and jumps, can provide a much more realistic description of stock prices be-
havior. Several models of this type have been proposed in the literature and we just mention here
the models suggested by D. Bates [Bat96], [Bat00], by O.E. Barndorff-Nielsen and N. Shephard
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[BNS01], [BNNS02], and the Time-Changed Le´vy models proposed by P. Carr, H. Geman, D.
Madan and M. Yor [CGMY03], [CW04a] among others. The price to pay for this substantial im-
provement in modeling is a bigger difficulty in performing calculations for evaluating derivatives.
Very few results are available in this more general setting.
In [HS11] a semi-explicit evaluation formula for Geometric Asian Options, for fixed and
floating strike, under continuous monitoring, when both stochastic volatility and jumps come
into play has been provided; in that paper a specific model framework was considered, i.e. the
Barndorff-Nielsen and Shephard model.
Almost all of the above mentioned pricing models in which stochastic volatility features have
been combined with jumps belong to the large family of affine models, according to the definition
provided by D. Duffie, D. Filipovic and W. Schachermayer [DFS03]. This class includes almost
all the most popular pricing models existing in the literature related to many different type of
underlying assets: fixed income securities, credit risk models, equities and commodities. Many
relevant features of these models can be described in a unified way by the very general framework
provided by the affine process approach. For an extensive treatment of the general properties
of affine models and some related technical issues we mention the Thesis by M. Keller-Ressel
[KR08].
We want to recall here another relevant class of valuation problems requiring the description of
some average process, i.e. options on realized volatility and variance swaps. Several recent papers
attacked these valuation problems in different setting. In the paper by J. Kallsen, J. Muhle-Karbe
and M. Voss [KMKV11] the pricing of options on variance in affine stochastic volatility models
has been extensively investigated; some results in a Barndorff-Nielsen and Shephard modeling
framework were provided in [BGK07], while in [CLW12] variance swaps pricing has been studied
for time-changed Le´vy models.
The contribution of the present paper is to develop a general valuation scheme and to provide
some semi-explicit evaluation formulas for Geometric Asian Options, when the underlying process
describing the joint dynamics of logreturns and volatility is affine. We shall provide a quite
general framework into which several different valuation problems can be formulated and solved:
all those based on the geometric mean of the variables, including average price and average strike
Asian call options; variance options valuation can be also cast into the present framework, but
only for continuous return processes, as we shall discuss in Section 3.
In next section we shall introduce the general setting and the notations used throughout the
paper, while in Section 3 we shall present the introductory results on the affine representation
for integral functionals. After providing in Section 4 an auxiliary result based on a change-of-
numeraire technique, which will turn out to be useful for Average Strike option calculations,
in Section 5 we shall present the general results on Geometric Asian options valuation in a
general affine framework. In Section 6 we shall apply our general results to the most popular
concrete affine stochastic volatility models and we shall provide the semi-explicit formulas for
both Average Price and Average Strike options for these models. In section 7 we shall resume the
main results obtained in this paper and we’ll outline some possible developments of the present
work.
2 Model Setup
The purpose of this section is to clarify the framework in which we are going to develop our pricing
problem and to clarify the basic notations adopted in the following. The results recalled here are
mainly based on the treatment provided in [KR08] and [KR11]. We fix some time horizon T > 0
up to which we wish to model the price process of some financial asset. Let (Ω,F , (Ft)t∈[0,T ],P)
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be a filtered probability space, which supports all the processes we encounter in the sequel.
We shall call an affine process a stochastically continuous, time-homogeneous Markov process
(Xt,P
x) with state space D = Rm+ × Rn if its characteristic function is an exponentially affine
function of the state vector, i.e., if there exist functions φ : R+×U → C−, ψ : R+×U → U such
that
log
(
E[expu ·Xt|X0]
)
= φ(t,u) +X0 ·ψ(t,u) (1)
for all (t,u) ∈ R+ × U and where
C− := {u ∈ C : ℜu ≤ 0} and U := Cm− × iRn. (2)
By convention, the logarithm above denotes the distinguished logarithm in complex plane, that
makes φ and ψ jointly continuous in the complex plane (cf. [DFS03]). Note that due to the
Markov property an analogous equation also holds true for expectations conditional on Xs, that
is
log
(
E[expu ·Xt|Xs]
)
= φ(t− s,u) +Xs · ψ(t− s,u) (3)
for all 0 ≤ s ≤ t and u ∈ U . An affine process is called regular if the derivatives:
F (u) :=
∂φ
∂t
(t,u)|t=0+ , R(u) :=
∂ψ
∂t
(t,u)|t=0+ ,
exist for all u ∈ U , and are continuous at u = 0. It has been shown in [KRST10] that any affine
process in the sense of the above definition is regular and hence that the functions F (u) and
R(u) are well-defined.
Since the functions F (u) and R(u) completely characterize the process (Xt)t≥0 they are
called the functional characteristics of (Xt)t≥0.
In the following we shall need the notion of truncation function, but we’ll specify which
truncation function will be used whenever it will be necessary. When an affine process will be
assumed to describe the price dynamics of some asset, we shall refer to it as an affine pricing
model.
In the following we shall assume the (risk-neutral) stock price process St to be given as
St = exp
{
(r − q)t+Xt}, (4)
where r is the risk-free interest rate, q is the dividend yield and Xt is the discounted dividend-
corrected log-price process.
Let Vt denote another (one-dimensional) process with V0 > 0, such that (Xt, Vt) is a stochastically
continuous, time-homogeneous Markov process.
We define the process (Xt, Vt) an Affine Stochastic Volatility model if the cumulant generating
function of (Xt, Vt) is of the special affine form
log
(
E[exp{uXt + wVt}|X0, V0]
)
= φ(t, u, w) + V0ψ(t, u, w) +X0u. (5)
Note that this setup is as in [KR11, Section 5], from where we will adopt the nomenclature and
call (Xt, Vt) affine stochastic volatility (ASV) process and the associated asset price model ASV
model.
Remark 1. A bivariate affine model has functional characteristics F and R = (R1, R2). An
ASV has R1 = 0 and we set R = R2 and call simply F,R the functional characteristics.
The following theorem characterizes regular ASV processes and provides a representation
result for the functions F , R.
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Theorem 1. [DFS03, Theorem 2.7] Let (Xt, Vt)t≥0 be a regular ASV process. Then there exist
a set of parameters (a, α, b, β, c, γ,m, µ) whrer a, α are positive semi-definite matrices, b, β ∈ R2,
c, γ ≥ 0 and m,µ are Le´vy measures on R2, such that
F (u,w) =
1
2
(u,w) · a · (u,w)T + b · (u,w)T − c+
∫
D\{0}
(
exu+yw − 1− hF (x, y) · (u,w)T
)
m(dx, dy)
R(u,w) =
1
2
(u,w) · α · (u,w)T + β · (u,w)T − γ +
∫
D\{0}
(
exu+yw − 1− hR(x, y) · (u,w)T
)
µ(dx, dy),
holds, where hF (x, y), hR(x, y) are suitable truncation functions. Furthermore the functions φ
and ψ in (5) fulfill the generalized Riccati equations:
∂tφ(t, u, w) = F (u, ψ(t, u, w)), φ(0, u, w) = 0, (6)
∂tψ(t, u, w) = R(u, ψ(t, u, w)), ψ(0, u, w) = w.
For option pricing we employ a structure preserving martingale measure. This means, we
choose an equivalent martingale measure, such that the model structure remains unchanged,
only model parameters change. For several particular models enjoying the affine structure, a
systematic investigation has been performed on the class of equivalent martingale measure, also
providing a full characterization of the subclass of structure preserving measures: for the BNS
model we mention the paper by E. Nicolato and E. Venardos [NV03], while for the Bates model
a brief discussion on the subject is included in [Bat96].
The following proposition provides a sufficient condition for an affine process to be conserva-
tive (i.e. non-exploding) and a martingale:
Proposition 1. [KR11, Corollary 2.1] Let (Xt, Vt) be defined as before and the quantity χ(u)
be defined as follows:
χ(u) :=
∂R
∂w
(u,w)|w=0. (7)
If F (0, 0) = R(0, 0) = F (1, 0) = R(1, 0) = 0 and max{χ(0), χ(1)} < ∞, then exp{Xt} is a
conservative process and a martingale.
Note that F (0, 0) = R(0, 0) = 0 is equivalent to c = γ = 0.
3 Integral functionals for ASV models
Our starting point is an affine ASV model (X,V ) as introduced above. To study Geometric
Asian options or realized variance options we introduce the associated integral processes Y and
Z with
Yt =
∫ t
0
Xsds, Zt =
∫ t
0
Vsds. (8)
Proposition 2. If (X,V ) is an ASV model with functional characteristics (F,R), then the joint
law of (Xt, Vt, Yt, Zt) is described by
logE[eu1Xt+u2Vt+u3Yt+u4Zt |X0, V0] = Φ(t, u1, u2, u3, u4) + (u1 + u3t)X0 +Ψ(t, u1, u2, u3, u4)V0
(9)
where
Φ˙ = F (u1 + u3t,Ψ) Φ(0) = 0 (10)
Ψ˙ = R(u1 + u3t,Ψ) + u4 Ψ(0) = u2. (11)
5
Proof. It follows from [KR08, Theorem 4.10, p.50] for two dimensions, that (X,V, Y, Z) is affine,
logE[eu1Xt+u2Vt+u3Yt+u4Zt |X0, V0, Y0, Z0] = Φ(t)+ψ1(t)X0+ψ2(t)V0+ψ3(t)Y0+ψ4(t)Z0, (12)
where the Φ and ψi satisfy the Riccati equations
Φ˙ = F (ψ1, ψ2) Φ(0) = 0 (13)
ψ˙1 = ψ3 ψ1(0) = u1 (14)
ψ˙2 = R(ψ1, ψ2) + ψ4 ψ2(0) = u2 (15)
ψ˙3 = 0 ψ3(0) = u3 (16)
ψ˙4 = 0 ψ4(0) = u4. (17)
Remember that the solutions of (13) depend on the parameters u1, u2, u3, u4, thus ψ1(t) =
ψ1(t;u1, u2, u3, u4) etc. Some of those equations can be immediately integrated. Obviously
ψ3(t) = u3, ψ4(t) = u4, ψ1(t) = u1 + u3t and the only relevant equations are
Φ˙ = F (u1 + u3t, ψ2) Φ(0) = 0 (18)
ψ˙2 = R(u1 + u3t, ψ2) + u4 ψ2(0) = u2 (19)
Then we note that Y0 = 0 and Z0 = 0 and we set Ψ = ψ2. (36)and (37) follow from (18) and
(19). 
Remark 2. Variance swaps and options on realized variance in stochastic volatility models with
jumps have been studied in [BGK07] and [Sep08]. In a general affince setting they have been
investigated extensively in the paper [KMKV11] where the realized variance is approximated by
the quadratic variation of the log-return process. For continuous return processes, such as the
Heston model, for example, the quadratic variation [X,X ] and its predictable part 〈X,X〉 coincide
with integrated variance, which is our Z.
The cumulant of the integrated variance can be computed according to the following corollary,
which turns out to be a special case of [KMKV11, Lemma 5.1, P.634].
Corollary 1.
logE[ewZt ] = φ(t, w) + V0ψ(t, w) (20)
where
φ˙ = F (0, ψ) φ(0) = 0 (21)
ψ˙ = R(0, ψ) + w ψ(0) = 0 (22)
Proof. This follows immediately from Prop.2 with u1 = 0, u2 = 0, u3 = 0, u4 = w. 
4 Change of numeraire for ASV models
To calculate the price of the average strike option we apply the change-of-numeraire technique
and take the stock as a new numeraire.
From now on we denote the martingale measures with the bond resp. stock as a numeraire
by Q0 resp. Q1, and expectations E0 resp. E1.
logE0x,v[e
u1X(t)+u2V (t)] = φ0(t, u1, u2) + xψ
0
1(t, u1, u2) + vψ
0
2(t, u1, u2) (23)
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Thus we have the density process
dQ1
dQ0
(t) = eXt−x (24)
on Ft.
Let’s start with the following
Lemma 1. If (X,V ) is affine under Q0 with functional characteristics F 0 and R0, then it is
affine under Q1 with functional characteristics F 1 and R1 given by
F 1(u1, u2) = F
0(u1 + 1, u2), R
1(u1, u2) = R
0(u1 + 1, u2) (25)
Proof.
logE1x,v[e
u1X(t)+u2V (t)] = logE0x,v[e
x+Xt · eu1X(t)+u2V (t)] =
− x+ logE0x,v[e(u1+1)X(t)+u2V (t)] =
φ0(t, u1 + 1, u2) + x(ψ
0
1(t, u1 + 1, u2)− 1) + vψ02(t, u1 + 1, u2) =
φ1(t, u1, u2) + xψ
1
1(t, u1, u2) + vψ
1
2(t, u1, u2) (26)
with
φ1(t, u1, u2) = φ
0(t, u1 + 1, u2), (27)
ψ11(t, u1, u2) = ψ
0
1(t, u1 + 1, u2)− 1, (28)
ψ12(t, u1, u2) = ψ
0
2(t, u1 + 1, u2) (29)
Thus
F 1(u1, u2) = F
0(u1 + 1, u2) R
1(u1, u2) = R
0(u1 + 1, u2), (30)

If eX is a martingale we have F 0(1, 0) = R0(1, 0) = 0 and thus F 1(0, 0) = R1(0, 0) = 0.
Lemma 2. If (X,V ) is an ASV model, then the joint law of (Xt, Yt) under Q
1 is described by
logE1[euXt+wYt ] = φ1(t, u, w) + vψ1(t, u, w) (31)
where
(φ1)′ = F (u+ 1, ψ1) φ1(0) = 0 (32)
(ψ1)′ = R(u+ 1, ψ1) ψ1(0) = w. (33)
Proof. This follows from Lemma 1 and Proposition 2 applied to Q1 resp. F 1, R1. 
5 General results for Geometric Asian options
5.1 Average price
Let us denote by X¯T the arithmetic average of the log-returns process and by SˆT the geometric
average of the stock prices, then
X¯T = (r − q) + 1
T
∫ T
0
Xsds, SˆT = e
X¯T = exp
(
(r − q) + 1
T
∫ T
0
Xsds
)
. (34)
For average strike we shall need the cumulant of integrated log-returns.
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Corollary 2. If (X,V ) is an ASV model, then the law of Yt =
∫ t
0 Xsds is described by
logE[ewYt ] = Φ(t, w) + wtX0 + V0ψ(t, w) (35)
where
Φ˙ = F (wt, ψ) Φ(0) = 0 (36)
ψ˙ = R(wt, ψ) ψ(0) = 0. (37)
Proof. This follows immediately from Prop.2 with u1 = 0, u2 = 0, u3 = w, u4 = 0. 
Theorem 2. Assume there exists a > 1 such that
E[eaX¯T ] <∞, (38)
then the time-zero value of an average price Asian call option is given by
E[e−rT (SˆT −K)+] = e
−rT
2πi
a+i∞∫
a−i∞
(
1
K
)u
K
u(u− 1)e
κ(T,u)du, (39)
with the cumulant function κ(T, u) = logE[euX¯T ]. It is given by
κ(T, u) = u(r − q) + φ(T, u) + uX0 + ψ(T, u)V0, (40)
where
φ˙ = F
(
ut
T
, ψ
)
φ(0) = 0 (41)
ψ˙ = R
(
ut
T
, ψ
)
ψ(0) = 0. (42)
Proof. In order to evaluate the expectation (39) we first use the integral representation (132),
which yields
(SˆT −K)+ = 1
2πi
a+i∞∫
a−i∞
(
1
K
)u
K
u(u− 1)e
uX¯tdu, (43)
and then apply Fubini’s Theorem, see also [HKK06] and [HS11]. 
Remark 3. The integrability condition (38) guarantees the existence of the cumulant function
κ(T, u) at ℜu = a. It will imply some restrictions on the parameters of the concrete models
studied in Section 6. By the results in [?] it is equivalent to the existence to solutions of the Riccati
equations (41) for the parameter value u = a. The proper set of parameters can be determined
individually for each concrete model by studying the real singularities of the cumulant functions,
see [Doe71, Satz 3.4.1, P.153f], though we are not going to give all details for all models in the
example section below.
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5.2 Average strike
Theorem 3. If there exists b < 0 such that
E[ebX¯T ] <∞, (44)
then the time-zero value of an average strike Asian call option is given by
E[e−rT (ST − SˆT )+] = e
−qT
2πi
b+i∞∫
b−i∞
1
u(u− 1)e
κ(T,u)du, (45)
where κ(T, u) = logE[euX¯T+(1−u)XT ]. It is given by
κ(T, u) = u(r − q) + φ(T, u) + V0ψ(T, u) +X0 (46)
where
φ˙ = F
(
ut
T
+ (1− u), ψ
)
φ(0) = 0 (47)
ψ˙ = R
(
ut
T
+ (1− u), ψ
)
ψ(0) = 0. (48)
Proof. Using the change-of-numeraire technique with the density process (24) we obtain
E0[(ST − SˆT )+] = e(r−q)TE1[(1− eX¯T−XT )+]. (49)
This is just the payoff of a put option on eX¯T−XT with asset and strike both equal to 1.
The function κ is the cumulant function of X¯T −XT , which can be obtained from the joint
cumulant of YT and XT in terms of the functions φ and ψ from Lemma 2.
Similar to the proof of Theorem 2, we can now apply the Laplace integral formula (133)
provided in the appendix and Fubini’s Theorem to obtain the result. 
Remark 4. For the integrability condition (44) a remark similar to Remark 3 above applies.
Proposition 3. Average strike and price Riccati equations have the same structure provided the
parameters are changed in the following way. u 7→ u+ tT (1− u).
Remark 5. The property just described in the proposition above is actually a particular case
of a general result called the duality principles in option pricing. This basic property has been
systematically investigated in a general semimartingale setting in [Pap07] and in [EPS08].
6 Geometric Asian options for concrete affine stochastic
volatility models
We now discuss some popular ASV models from the finance literature (for a very nice summary
and many more examples, the interested reader is refered to [Kal06]). For a few relevant cases
we will obtain an explicit solution of the corresponding Riccati equations. Let us recall, that for
all models the asset price will be modeled by St = e
(r−q)t+Xt , where X denotes the discounted
log-price.
In the following examples we shall continue to assume that the model parameters will verify
the conditions in Proposition 1, and consequently eXt is a martingale.
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6.1 Heston model
The Heston [Hes93] model describes the volatility dynamics by means of a CIR-type stochastic
differential equation with mean reversion.
The evolution of the discounted log-returns under the risk-neutral measure is then given by
dXt =
(
−1
2
Vt
)
dt+
√
VtdW
1
t , (50)
dVt = λ(θ − Vt)dt+ ζ
√
VtdW
2
t , (51)
where λ, θ, and ζ are strictly positive parameters. Moreover, in (50) and (51) W 1 and W 2 are
standard Wiener processes having constant correlation ρ ∈ [−1,+1].
It can be shown that, if the following condition is satisfied:
ζ2 < 2λθ, (52)
then the volatility process V remains strictly positive (see [Fel51]).
The affine characteristics are [KR08, KR11]
F (u,w) = λθw, R(u,w) =
1
2
(u2 − u) + ζ
2
2
w2 − λw + uwρζ. (53)
Average price
Combining (53) and (41) we obtain the Riccati equation for the average price
φ˙ = λθψ, φ(0) = 0 (54)
ψ˙ =
ζ2
2
ψ2 − (λ− ρζut/T )ψ + 1
2
ut/T (ut/T − 1), ψ(0) = 0 (55)
By using a standard substitution
ψ(t) =
2
ζ2
y′(t)
y(t)
(56)
the Riccati equation can be transformed into a linear differential equation of second order [Rei72,
PZ03]
y′′ + (λ− ρζut/T )y′ + ζ
2
4
ut/T (ut/T − 1) = 0. (57)
The general solution of this equation can be written as a linear combination of two confluent
hypergeometric functions of the first kind [Sla60] (most commonly denoted by 1F1(a, b, c) )
y(t) = C1y1(t) + C2y2(t) (58)
y1(t) = AM
(
a1,
1
2
, c
)
(59)
y2(t) = ABM
(
a1 +
1
2
,
3
2
, c
)
(60)
where a1, c and A,B are defined by the following exressions:
a1 =
1
8
−ζ2 − 2ρζ(ξu/T − λ)− 2λ2
ζu/T ξ
3
2
+
1
4
(61)
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c =
1
2
((1 + tu/T ζ)ξ − λρ)2
ζu/T ξ
3
2
(62)
ξ = ρ2 − 2 (63)
A = exp−1
4
[t(2λ− ρζut/T + ρ
2ζut/T − 2λρ+ 2ζ(1 − ut/T )
ξ
1
2
] (64)
B = ξut/T ζ − ξ + λρ (65)
By taking into account the initial condition ψ(0) = 0 we obtain
ψ(t) = − 2
ζ2
y′2(0)y
′
1(t)− y′1(0)y′2(t)
y′2(0)y1(t)− y′1(0)y2(t)
. (66)
In view of the (56) we express also φ explicitly by hypergeometric functions, namely
φ(t) = −λθ 2
ζ2
ln
y′2(0)y1(t)− y′1(0)y2(t)
y′2(0)y1(0)− y′1(0)y2(0)
(67)
Average strike
Combining (53) and (114) with (u,w) 7→ (−u, u/T ) we obtain
φ˙ = λθψ + q − r φ(0) = 0 (68)
ψ˙ =
1
2
u2(t/T − 1)2 + u(t/T − 1) + ζ
2
2
ψ2 − λψ + ρζ(u(t/T − 1) + 1)ψ. ψ(0) = 0 (69)
The solution to these equations can be obtained in a similar way, providing the expressions for
φ and ψ analogous to (66) and (67) with y1, y2 replaced by
y¯1(t) =M(a¯1,
1
2
, c¯) (70)
and
y¯2(t) = A¯B¯M(a¯1 +
1
2
, 32 , c¯). (71)
where a¯1, c¯, A¯ and B¯ are now defined by:
a¯1 =
1
8
ρζ(2ξu+ λT )− (λ2 + 14ζ2)T
ζuξ
3
2
+
1
4
(72)
c¯ =
1
2
[(ρ2(u− 1) + (12 − u)]T + ζut(1− ρ2) + λρT )2
ζuT ξ
3
2
(73)
A¯ = exp
1
2
[
t
T
(ρζ((u − 1)T − 1
2
ut) + λT )ut+
((ρ2(u − 1)− u+ 12 )− 12ζu tT (ρ2 − 1)) + ρλ)
ξ
1
2
]
(74)
B¯ = {[(u− 1)ρ2 − u+ 1
2
]T + ut(1− ρ2)}ζ + λρT (75)
Remark 6. The pricing of Geometric Asian options in Heston’s model has been investigated by
Kim and Wee in [KW11]. They express the joint moment generating function of returns and
integral average in terms of some series expansions. In fact, their series can be summed in closed
form in terms of hypergeometric functions and agrees with our results above.
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6.2 The Bates model
In a model proposed by Bates [Bat96], a jump component is introduced in the previous dynamics
for the log-returns by means of the compound Poisson process Z:
Zt =
Nt∑
i=1
Ji, (76)
where N is a standard Poisson process with intensity ν > 0 and (Ji), i = 1, 2, 3, . . ., are indepen-
dent random variables, all having a normal distribution with mean γ and standard deviation δ.
In such a case the Le´vy measure of Z is given by:
U(dx) =
ν
δ
√
2π
exp
[
− (x− γ)
2
2δ2
]
, (77)
and the cumulant function of Z takes the form:
κ(z) = ν(eγz+δ
2z2/2 − 1). (78)
The dynamics of discounted log-returns under the risk-neutral measure is then given by:
dXt = (−κ(1)− 1
2
Vt)dt+
√
VtdW
1
t + dZt, (79)
and the dynamics of the volatility is the same as that proposed by the Heston model, namely
dVt = λ(θ − Vt)dt+ ζ
√
VtdW
2
t . (80)
The affine characteristics are
F (u,w) = λθw + κ(u)− uκ(1), R(u,w) = 1
2
(u2 − u) + ζ
2
2
u22 − λw + uwρζ. (81)
If ν → 0, then we obtain the Heston stochastic volatility model [Hes93]. If ζ → 0 and V0 = θ then
Vt = θ we obtain the Merton jump-diffusion model [Mer76]. Consequently we might consider
the Bates model as an extension of a Merton model to the case of stochastic volatility, or as an
extension of the Heston stochastic volatility model to the case of jumps in the asset prices.
In the Bates model the Riccati equations for the average price are
φ˙ = λθψ + κ(ut)− utκ(1), φ(0) = 0 (82)
ψ˙ =
ζ2
2
ψ2 − (λ− ρζut)ψ + 1
2
ut(ut− 1), ψ(0) = 0. (83)
We observe that the equation for ψ is exactly the same as in the Heston model and and φ equals
the corresponding quantity from the Heston model plus an integral of the cumulant of the jumps
(quite easy to compute):
φ(t) = φH(t) +
∫ t
0
κ(us)ds− utκ(1), (84)
where φH is given above in (67). This is due to the fact, that the jumps are independent of the
continuous part.
For the average strike we obtain the same ψ as in the Heston model, while the φ is provided
by the following expression (also easy to compute):
φ(t) = φH(t) +
∫ t
0
κ
(
u
(
t
T
− 1
)
u+ 1
)
ds− ut
T
κ(1) + (1 − u)κ(1), (85)
where φH is given above, using (70)and (71).
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6.3 The Turbo-Bates model
In [Bat00] Bates introduced a refinement of the previous model with state-dependet jump in-
tensity. Following [KR11, Sec.6.2] we will consider a simplified version with only one variance
factor. The risk-neutral dynamics for log-returns are given by
dXt =
(
−ν0κ(1)−
(
1
2
+ ν1κ(1)
)
Vt
)
dt+
√
VtdW
1
t +
∫
D
xN˜(Vt, dt, dx) (86)
dVt = −λ (Vt − θ) dt+ ζ
√
VtdW
2
t
where λ, θ, ζ > 0 as before and the Brownian motion W 1,W 2 are correlated with correlation
coefficient ρ. The jump component is given by N˜(Vt, dt, dx) = N(Vt, dt, dx) − µ(Vt, dt, dx),
where N(Vt, dt, dx) is a Poisson random measure and its predictable compensator µ(Vt, dt, dx) =
(ν0 + ν1Vt)F (dx)dt, and F is some fixed jump size distribution.
The affine characteristics are
F (u,w) = ν0κ(u)−uν0κ(1)0+λθw, R(u,w) = 1
2
(u2−u)+ ζ
2
2
w2−λw+ρζuw+ν1κ(u)−uν1κ(1)
(87)
where κ(u) is the cumulant generating function of F .
The Riccati equations for the average price are
φ˙ = λθψ + ν0κ(ut/T )− ut/Tν0κ(1), φ(0) = 0 (88)
ψ˙ =
ζ2
2
ψ2 − (λ− ρζut/T )ψ + 1
2
ut/T (ut/T − 1) + ν1κ(ut/T )− ut/Tν1κ(1), ψ(0) = 0 (89)
and for the average strike
φ˙ = αθψ + ν0κ(u(t/T − 1) + 1)−
(
ut
T
+ (1 − u)
)
ν0κ(1), φ(0) = 0 (90)
ψ˙ =
1
2
u2(t/T − 1)2 + u(t/T − 1) + ζ
2
2
ψ2 − βψ + ρζ(u(t/T − 1) + 1)ψ+ (91)
+ λ1κ((u(t/T − 1) + 1))−
(
ut
T
+ (1− u)
)
ν1κ(1), (92)
ψ(0) = 0. (93)
6.4 Barndorff-Nielsen-Shephard model
The BNS model has been introduced by Ole Barndorff-Nielsen and Neil Shephard. [BNS01] ,
[BNNS02], [NV03], [HS09]. The model is constructed from a subordinator, called background
driving Le´vy process (BDLP), with cumulant generating function
κ(θ) = logE[eθZ(1)], (94)
which exists for ℜ(θ) < ℓ with some real number ℓ > 0. The instantaneous variance process
(V (t), t ≥ 0) is described by the following stochastic differential equation of Ornstein-Uhlenbeck
type,
dV (t) = −λV (t−)dt+ dZλ(t), (95)
with V0 > 0 and λ > 0 given real numbers. The logarithmic return process (X(t), t ≥ 0) is given
by:
dX(t) = (−κ(ρ)− 1
2
V (t−))dt+
√
V (t−)dW (t) + ρdZλ(t), X(0) = 0, (96)
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with parameters µ ∈, β ∈, ρ ≤ 0. The affine characteristics are
F (u,w) = λk(w + ρu)− uλk(ρ), R(u,w) = 1
2
(u2 − u)− λw. (97)
Riccati equations for average price are
φ˙ = λk(ψ + ρut/T )− ut/Tλk(ρ) φ(0) = 0 (98)
ψ˙ =
1
2
(u2t2/T 2 − ut/T )− λψ ψ(0) = 0. (99)
We remark the equation for ψ is linear and can be solved explicitly, giving
ψ(t) =
u2
2T 2
f2(t)− u
tT
f1(t). (100)
with
f0(t) =
1− e−λt
λ
, f1(t) =
t
λ
− 1− e
−λt
λ2
, f2(t) =
t2
λ
− 2t
λ2
+
2(1− e−λt)
λ3
. (101)
The equation for φ yields an integral
φ(t) =
∫ t
0
λk (ψ(s) + ρus/T )− t
2
2
u
T
λk(ρ) (102)
Riccati equations for average strike are
φ˙ = λk(ψ + ρ(u(t/T − 1) + 1)) φ(0) = 0 (103)
ψ˙ =
1
2
u2(t/T − 1)2 + u(t/T − 1)− λψ ψ(0) = 0. (104)
The solution is quite analogous, now with
ψ(t) =
u2
2T 2
f2(T ) +
u
T
(
1
2
− u
)
f1(T ) +
(
u2
2
− u
2
)
f0(T ). (105)
and the integral
φ(t) =
∫ T
0
λk
(
ψ(s) + ρ
(( s
T
− 1
)
u+ 1
))
ds− ((1− T )u+ T )λk(ρ). (106)
The results agree1 with those from [HS11], which were obtained by a different technique without
employing the general affine framework and Riccati equations.
6.5 OU time-changed Le´vy processes
Time-changed Levy processes have been introduced by P. Carr, H. Geman, D. Madan and M. Yor
[CGMY03] in order to improve Levy models performances in describing asset price dynamics.
We shall concentrate our attention on time changes based on processes satisfying a stochastic
differential equation of an Ornstein-Uhlenbeck or a square-roote (CIR) type. Let L be a Le´vy
process with cumulant function
θ(u) = logE[euL(1)]. (107)
1Actually term −u/2 is missing in [HS11, (47)] and should be included there.
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Then we define
Xt = L(Γ(t)), (108)
where Γ(t) is a non-negative increasing process independent of L. Here we would like to use a
very popular time change, namely an integrated Ornstein-Uhlenbeck (OU) type process.
Definition 1 (OU time-change). The OU time-change model is given as
Γ(t) =
∫ t
0
V (s)ds, (109)
where V is now given as solution of the SDE
dV (t) = −λV (t)dt+ dU(t), (110)
with U being a pure jump subordinator with cumulant function κ(u).
The affine characteristics are
F (u,w) = λκ(w), R(u,w) = −λw + θ(u). (111)
For the Riccati equations we get from (41) and (111)
φ˙ = λκ(ψ) φ(0) = 0 (112)
ψ˙ = −λψ + θ(ut) ψ(0) = 0. (113)
The Riccati equations for average strike are
φ˙ = λκ(ψ) + q − r φ(0) = 0 (114)
ψ˙ = −λψ + θ(u(t/T − 1) + 1) ψ(0) = 0 (115)
Let us consider a concrete example of a time-changed Le´vy given by a Kou double exponential
Le`vy process with time change implied by an integrated OU process. By recalling that the
cumulant for the double exponential has the following expression:
κ(u) = νu
[
p
α+ − u −
1− p
α− + u
]
, (116)
where ν is the intensity of the jump process, α−, α+ describe the exponential tails, the Riccati
equations for average price have the following explicit solution:
ψ(t) =− e−λt ν
λu
{
[pEi(1,−λα−
u
)e(
λα
−
u
)λα− Ei(1,
λα+
u
)e(
λα+
u
)λα+ + u+ pλα+ Ei(1,
λα+
u
)e(
λα+
u
)
}
(117)
− e−λt ν
λu
{
[pEi(1,−λ(α− + ut)
u
)e(
λ(α
−
+ut)
u
)λα− Ei(1,
λ(α+ − ut)
u
)e(
λ(α+−ut)
u
)λα+
(118)
+u+ pλα+ Ei(1,
λ(α+ − ut)
u
)e(
λ(α+−ut)
u
)
}
(119)
While the average strike Riccati equations have the following solution:
ψ(t) = e−λt
ν
u
[pλα−T Ei(1,−λα−T − λuT − λu(T − t)
u
)e(
λα
−
T−λuT−λu(T−t)
u
) + u] (120)
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−e−λt ν
u
[pλα+T Ei(1,
λα+T − λuT − λu(T − t)
u
)e(
λα+T−λuT−λu(T−t)
u
)]+
−e−λt ν
u
[−pλα+T Ei(1,−λ(α−T − λuT − λu(T − t))
u
)e(
λ(α
−
T−λuT−λu(T−t))
u
)]
6.6 CIR time-changed Le´vy processes
Another time change which has been proposed in [CGMY03] for a Levy process in order to
improve its performances in describing logreturns statistical behavior, is that driven by an inte-
grated CIR process, i.e., a process satisfying the following SDE:
dVt = −λ (Vt − θ) dt+ η
√
VtdWt. (121)
The time-change and the returns process will be given by (109) and (108) as above.
The affine characteristics are
F (u,w) = λθw, R(u,w) =
η2
2
w2 − λw + κ(u). (122)
where κ(u) is the cumulant generating function of the Le´vy process.
From (41) and (122) we obtain the Riccati equations for average price
φ˙ = λθψ φ(0) = 0 (123)
ψ˙ =
η2
2
ψ2 +−λψ + κ(ut) ψ(0) = 0. (124)
For average strike
φ˙ = λθψ + q − r φ(0) = 0 (125)
ψ˙ =
η2
2
ψ2 +−λψ + κ(u(t/T − 1) + 1) ψ(0) = 0 (126)
Let us consider a concrete example of a time-changed Le´vy given by a Kou double exponential
Le`vy process with time change implied by an integrated CIR process. By recalling that the
cumulant for the double exponential has the following expression:
κ(u) = νu
[
p
α+ − u −
1− p
α− + u
]
, (127)
where ν is the intensity of the jump process, α−, α+ describe the exponential tails, the Riccati
equation for ψ becomes:
ψ˙ =
η2
2
− νψ˙ψ2 + λu
[
p
ν− − u −
1− p
ν+ + u
]
, ψw(0) = 0. (128)
For a symmetric jump distribution, i.e., p = 1/2 and α+ = α− we can provide an explicit
solution in terms of Heun’s confluent hypergeometric function C, see [Ron95, SK10]:
ψ(t) = − 2
η2
y′2(0)y
′
1(t)− y′1(0)y′2(t)
y′2(0)y1(t)− y′1(0)y2(t)
. (129)
y1 = exp(−λt
2
)(α2+ − u2t2)C(0,−
1
2
, 1,
−λ2α2+ + 2et2να+
16u2
,
8u2 + λ2α2+
16u2
,
u2t2
α2+
) (130)
y2 = exp(−λt
2
)(α2+ − u2t2)C(0,+
1
2
, 1,
−λ2α2+ + 2et2να+
16u2
,
8u2 + λ2α2+
16u2
,
u2t2
α2+
) (131)
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7 Concluding Remarks
In this paper we have just provided a framework for Geometric Asian options valuation and
we have shown that this valuation problem, through the general affine process approach, can
be reduced to solving some generalized Riccati equations and that in many relevant cases these
equations admit close-form solutions. The final step of the present valuation procedure requires
the numerical inversion of a Laplace transform. This computation, which has become quite
standard in option pricing, nevertheless requires some care especially when complicated special
functions, like those considered insofar, are involved. The research of a fast and accurate al-
gorithm providing such inversion will be the subject of our future investigation together with
an extensive comparison of the numerical methods available for Geometric Asian option pricing
in affine stochastic volatility models. As we mentioned in Section 5, proper integrability con-
ditions must be verified in order to apply our general pricing results: the existence of all the
involved cumulant functions must be assured; this can be investigated through the analysis of
the singularities of the special functions introduced. This subject, together with a systematic
numerical illustration of the present results will be the subject of our future investigation and
will be collected in a separate paper.
A Laplace formulae
Lemma 3. Suppose we are given real numbers S0 > 0, K > 0, and a > 1, 0 < b < 1, c < 0.
Then we have for all x ∈ R the formulas
(ex −K)+ = 1
2πi
a+i∞∫
a−i∞
(
1
K
)u
K
u(u− 1)e
uxdu, (132)
(K − ex)+ = 1
2πi
c+i∞∫
c−i∞
(
1
K
)u
K
u(u− 1)e
uxdu, (133)
and
(ex −K)+ − ex = 1
2πi
b+i∞∫
b−i∞
(
1
K
)u
K
u(u− 1)e
uxdu. (134)
Proof. Let f(x) = (ex −K)+. An elementary calculation provides the (bilateral) Laplace trans-
form of f , namely ∫ +∞
−∞
f(x)e−uxdx =
(
1
K
)u
K
u(u− 1) (135)
for ℜu > 1. Now f is continuous and has locally bounded variation, which are sufficient conditions
to guarantee that the Laplace inversion integral (with Bromwhich contour) yields the original
function, that is (132). See [Doe71, Satz 4.4.1, P.210]. The proof for (133) and (134) is similar.

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